Massive primordial halos exposed to moderate UV backgrounds are the potential birthplaces of very massive stars or even supermassive black holes. In such a halo, an initially isothermal collapse will occur, leading to high accretion rates of ∼ 0.1 M ⊙ yr −1 . During the collapse, the gas in the interior will turn into a molecular state, and form an accretion disk due to the conservation of angular momentum. We consider here the structure of such an accretion disk and the role of viscous heating in the presence of high accretion rates for a central star of 10, 100 and 10 4 M ⊙ . Our results show that the temperature in the disk increases considerably due to viscous heating, leading to a transition from the molecular to the atomic cooling phase. We found that the atomic cooling regime may extend out to several 100 AU for a 10 4 M ⊙ central star and provides substantial support to stabilize the disk. It therefore favors the formation of a massive central object. The comparison of clump migration and contraction time scales shows that stellar feedback from these clumps may occur during the later stages of the evolution. Overall, viscous heating provides an important pathway to obtain an atomic gas phase within the center of the halo, and helps in the formation of very massive objects.
INTRODUCTION
Self-gravitating accretion disks are common around astrophysical objects ranging from protoplanetary disks around stars to the disks in massive spiral galaxies as our MilkyWay. They are formed as a consequence of gravitational collapse due to the conservation of the angular momentum. The size of these disks varies from a few Astronomical Units (AU) to kiloparsec (kpc) scales.
In the context of primordial star formation, disks with sizes of a few hundred AU to pc scales are expected to form (Abel et al. 2000; Bromm et al. 2002) . In fact, numerical simulations show the formation of such disks both in minihalos of 10 5 − 10 6 M ⊙ (Clark et al. 2011; Greif et al. 2012; Latif et al. 2013b ) as well as in massive primordial halos of ∼ 10 7 M ⊙ (Regan & Haehnelt 2009; Latif et al. 2012a Latif et al. , 2013a Becerra et al. 2014 ) forming in the early universe at about z = 15. The long term evolution and stability of such disks is however not well understood. Particularly, it has not been explored in the presence of a central star due to the computational costs required for a simulation pursuing a long time-evolution.
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The primordial stars knwon as population III (Pop III) stars are formed in minihalos of 10 5 − 10 6 M ⊙ at z = 30 where collapse is triggered by the molecular hydrogen cooling. The typical accretion rates in these halos range from 10 −4 − 10 −2 M ⊙ /yr (Clark et al. 2011; Latif et al. 2013b; Hirano et al. 2014 ). These stars have short lives and are expected to be hotter than the present day stars due to the higher masses as well as the primordial composition (Schaerer 2002; Bromm 2013) . They produce metals through supernovae and emit stellar UV radiation which can influence the subsequent structure formation (Whalen et al. 2013; Bromm 2013; Greif 2014; Ritter et al. 2014) . On the other hand, massive primordial halos of 10 7 − 10 8 M ⊙ are formed around z = 15 − 20 and are the potential birthplaces of the first galaxies. The UV feedback from the stellar populations, in particular the photons with energies between 11.2 − 13.6 eV, known as the Lyman Werner radiation, can travel long distances and dissociate the molecular hydrogen over large scales. If the photodissociation is very efficient, cooling mainly proceeds via atomic lines and supermassive stars of 10 4 − 10 6 M ⊙ can form as a result of direct collapse (Begelman et al. 2006; Volonteri et al. 2008; Latif et al. 2013c; Schleicher et al. 2013; Hosokawa et al. 2011 ). Ferrara et al. (2014) have estimated the intial mass funtion of the resulting direct collapse black holes and found that previous UV feedback can play a central role in determining its shape.
At the same time, recent studies have shown that it is very difficult to keep the collapse completely isothermal, with cooling only due to atomic hydrogen. This is due to the combined effect of considering realistic spectra emitted from Pop II stars where the H − photodissociation is disfavoured (Sugimura et al. 2014; Agarwal & Khochfar 2014) as well as due to the more realistic initial conditions in 3D simulations , where the ionization degree is enhanced by the virialization shocks. Hence, stimulating H 2 formation via the H − route and increasing the required strength of the radiation background. Considering both effects, the critical value of the UV flux is now a few times 10 4 in units of J 21 . This is about two orders of magnitude higher than previous estimates, and the formation sites of direct collapse black holes become exceedingly rare once such thresholds are adopted (Dijkstra et al. 2008; Agarwal et al. 2012; Dijkstra et al. 2014) . It is therefore important to explore whether direct collapse occurs only under isothermal conditions or additional processes can also help to build up a massive central object.
Indeed, recent simulations suggest that massive to supermassive stars may still form even in the presence of a moderate UV flux. In this case, an initially isothermal collapse in the presence of atomic cooling may still yield a significant mass supply to the center of the halo, from which stars of 10 3 −10 4 M ⊙ can efficiently form ). In such a scenario, large accretion rates of 0.1−1 M ⊙ /yr occur on a spatial scale of 1 pc and the core of the halo is cooled by the molecular hydrogen. In the presence of such rapid accretion, the central part of disk can potentially form a massive star and fragmentation may occur on larger scales. We expect the formation of a rapidly rotating disk surrounding such stars as a result of angular momentum conservation. While the detailed properties of such disks are currently unknown, their thermal and dynamical properties will be highly relevant once the central star becomes massive and dominates the gravitational potential. Even in the presence of moderate accretion rates, viscous heating can raise the gas temperature and help to stabilize the disk against fragmentation . This effect will be considerably enhanced in the presence of larger accretion rates and more massive central objects. While the influence of rotation has been studied in a case where the gas is initially in the atomic phase (Inayoshi & Haiman 2014) , its impact on a molecular gas has not been considered.
In this study, we therefore consider an atomic cooling halo exposed to a moderate UV background, implying an initially isothermal collapse with high accretion rates, as expected from numerical simulations . Due to the conservation of angular momentum, we assume that a self-gravitating disk forms in the central region, and we expect most of the disk to be initially molecular due to the self-shielding against the radiation background. Using a simple analytical model, we investigate the properties of these disks in the presence of central massive objects, and explore the impact of viscous heating on the thermal evolution. Particularly, we demonstrate that viscous heating can dissociate the molecular hydrogen and leads to a transition towards an atomic cooling regime. Various stages of the disk evolution with a central star of 10, 100 and 10 4 M ⊙ are investigated. We study the stability of the disk by computing the viscous parameter α. The masses of the clumps forming inside the disk are estimated and their fate is determined by comparing the migration and collapse time scales.
This article is organized in the following way. In section 2, we discuss our theoretical framework and its main assumptions. In section 3, we present our main results. In subsection 3.1, we discuss the properties of the disk in the presence of a 10 solar mass star. We further describe the intermediate and late stages of the disk evolution when the central becomes more massive in subsections 3.2 and 3.3. The potential caveats in our model are discussed in section 3.4. In section 4, we summarize the main conclusions and discuss future perspectives.
THEORETICAL FRAMEWORK
We employ the model previously described by Inayoshi & Haiman (2014) and . Here, we consider a massive primordial halo of 10 7 − 10 8 M ⊙ illuminated by a moderate UV flux emitted by Pop II stars. In such a case, there is a large inflow rate of about 0.1 M ⊙ /yr due to the initially isothermal collapse, and a central core composed of molecular hydrogen ). The halo is expected to collapse and form a self-gravitating disk, initially cooled by H 2 and embedded in a large accretion flow. The size of the disk in such a halo can be estimated from the conservation of angular momentum (Volonteri & Rees 2005; Wardle & Yusef-Zadeh 2008) . We compute the size of the disk using the following expression (Volonteri et al. 2013) :
Here λ is the fraction of the angular momentum in the gas after virialization, M is the baryonic mass in the halo and σ is the velocity dispersion of the halo. For λ = 0.05, M = 10 6 M ⊙ and σ = 10 km/s as found from the numerical simulations, the expected disk radius is about 0.2 pc.
The stability of a self-gravitating accretion disk can be measured with the Toomre Q parameter (Toomre 1964) given as
Here Ω and c s are the orbital frequency and the sound speed of the disk. G is the gravitational constant and Σ is the surface density of the disk, which is given as
M tot is the mass accretion rate and ν is the viscosity in the disk resulting from the gravitational stresses. We presume that the disk is marginally stable with Toomre Q = 1 and its scale-height can be estimated assuming that the disk is in hydrostatic equilibrium in the vertical direction via
The temperature of the disk can is computed by assuming that the viscous heating rate is approximately equal to the disk cooling rate. The viscous heating rate for a selfgravitating disk can be estimated by solving Eq. (50) given in Lodato (2007) . They provide the heating rate per surface area given as:
In the case of Keplarian rotation, Ω K = GM * R 3 . As realistic disks are at least partially supported also via turbulent and thermal pressure, we assume here that the rotation is not entirely Keplerian, but adopt an efficiency parameter ǫ K = Ω/Ω K ∼ 0.5 which describes the deviations of the angular velocity Ω from the Keplerian rotation. Using such a rotational profile, the viscous heating rate can be evaluated as
It may also be noted that similar expressions for the viscous heating rate are given by Pringle (1981) and Balbus & Hawley (1998) .
1 The cooling rate per surface area of the disk can be computed as follows:
Here Λ H/H 2 is the atomic or molecular cooling rate in units of erg/cm 3 /s and H is the height of the disk. To compute the viscosity of the disk, we adopt the standard formalism given by Shakura & Sunyaev (1973) 
where α is the viscous parameter and is calculated by combining equations 2, 3, 4 and 8 as
Solving the thermal balance equation (i.e., Q + = Q − ) with respect to Ω in the case of molecular cooling, we get the following expression:
For the densities given in the disk (> 10 8 cm −3 ), we use the optically thick H 2 line cooling by employing the opacity factor min 1, n H 2 /(8 × 10 9 cm −3 ) −0.45 given by Ripamonti & Abel (2004) . We use the high density limit for H 2 cooling given by Galli & Palla (1998) adopted from Hollenbach & McKee (1979) . We further assume that the transition from the molecular to the atomic cooling regime occurs once the gas temperature reaches a value of ≥ 4000 K. For atomic cooling regime, solving the thermal balance equation yields the following relation:
where f (T ) is given as (Inayoshi & Haiman 2014) 1 We note that there is a factor of two difference between the expressions given by Pringle (1981) and Lodato (2007) which comes from the fact whether one considers one side of the disk or both sides. We do not distinguish here between both sides of the disk and therefore use the expression given by Lodato (2007) .
Here Λ H is the atomic cooling function. We use the expression given in the appendix B of Anninos et al. (1997) originally computed by Cen (1992) to take into account the cooling due to the collisional excitation of hydrogen atoms (known as atomic line cooling). We have checked using a one-zone model that the latter indeed yields the dominant contribution in this regime . We note that the differences between Eqs. (10) and (11) arise due to the multiplication with the species abundances, as well as the correction factor due to the optical depth. As we are considering a case with a large inflow rate onto the disk, the central star will form and grow via rapid accretion, and the central star will also dominate the gravitational potential at least on the scales considered here. As shown by Inayoshi & Haiman (2014) and , the surface density of the disk can then be computed as
and density inside the disk is
We estimate the initial masses of the clumps as
These clumps can grow via accretion and we compute the maximum clump mass, the so-called the gap-opening mass, by using the relation given in Levin (2007) :
The Kelvin-Helmholtz (KH) contraction time scale is estimated as (Inayoshi & Haiman 2014) :
The Kelvin-Helmholtz (KH) contraction time scale given above is equivalent to the mass accretion time scale and is valid in the presence of high accretion rates (0.1 M ⊙ /yr), which remain in the stage of adiabatic evolution as long as the accretion rate is high. In the case of accretion rates below 10 −2 M ⊙ /yr, we compute the KH timescale using the following expression (Hosokawa et al. 2012) :
where M * is the mass, R * is the radius and L * is the luminosity of the protostar. We use Eq. (4) of Hosokawa et al. (2012) to compute the luminosity and their Fig. 5 to estimate the radius of the star. The mass accretion rate onto the clumps (Ṁ c ) is estimated as:
where R H is the Hill radius given as
M * is the mass of the central star. The clumps formed inside the disk will migrate inward provided that the migration time scale is shorter than the time for the clumps to contract and form a protostar. The migration of clumps forming in self-gravitating disks has been investigated in detail in the context of planet formation as a result of gravitational instabilities. In the theory of planet-disk interactions, the idealized migration time scales are well known. If the mass of the planet is small and the perturbations induced by the clumps are in the linear regime, one speaks of type I migration. On the other hand, if the planet becomes massive enough to open a gap in the disk, it migrates inward roughly on the viscous time scale. This is called the type II migration and its timescale can be estimated as (Lin & Papaloizou 1986) 
The migration time scales are usually derived assuming that the planet acts like a point mass in the disk and the density profile in the disk is smooth. Nonetheless, the results from the numerical simulations are in a good agreement with these estimates (Baruteau et al. 2011; Zhu et al. 2012 ).
We use the expression given in equation 21 to compute the clump migration time scale. Our choice of the migration time scale is rather conservative as the time for the type II migration is slower than the type I migrations. We note that this timescale may be even shorter for clumpy disks, therefore potentially enhancing the importance of migration.
To quantify the impact of tidal forces by the central star, we compute the Roche limit given as
where R c , M c are the radius and the mass of the secondary clumps and M * is the mass of the central star.
RESULTS
We present here the results from our model described in the previous section. The properties of the disk forming inside a massive primordial halo of 10 7 − 10 8 M ⊙ illuminated by a moderate Lyman Werner flux are investigated here. We presume that the gas inflow rate to the disk is 0.1 M ⊙ /yr (unless stated otherwise), as found in numerical simulations investigating such conditions ). In the presence of such accretion rates, the central star is expected to be on the Hayashi track, implying a cool atmosphere with ∼ 5000 K where radiative feedback is inefficient (Hosokawa et al. 2012; Schleicher et al. 2013 ). The gas in the disk is of a primordial composition and we consider the gas to be fully molecular in the initial stage. We examine the disk properties over a range of evolutionary stages considering a central star of 10, 100 & 10 4 M ⊙ . Particularly, we explore how the viscous heating in the presence of the central star influences the thermal properties of the disk. The results for the various cases are discussed in the following subsections.
3.1 Early stage of disk evolution with 10 M ⊙ central star
The thermal properties of the disk with a central star of 10 M ⊙ are shown in figure 1. It is found that above 20 AU the disk is cooled by molecular hydrogen and the temperature in the disk varies from about 300 to 4500 K. At this point, the viscous heating becomes dominant, molecular hydrogen gets collisionally dissociated and is not able to cool the gas anymore. At radii below 20 AU, atomic line cooling starts to become effective and keeps the gas temperature above 4000 K. It shows that in the presence of high accretion rates, the molecular hydrogen is collisionally dissociated and a transition from the molecular to the atomic line cooling takes place. The surface density in the disk varies from 1 to 10 6 g/cm 2 . For a comparison, we show a profile with R −1
as expected for a Mestel disk (Mestel 1963) . The profile for the surface density is steeper than for the Mestel disk due to the non-isothermal evolution.
To determine the stability of the disk, we compute the viscous parameter α for both the molecular and the atomic cooling regime, which is shown in figure 1. Our choice for the critical value of α is 1 (see discussion in subsection 3.4), which is motivated by numerical simulations including a detailed model for thermal processes showing that disks fragment at α = 1 (Zhu et al. 2012 ), see also Gammie (2001) .
The results from our model show that the disk is stable within 20 AU, hereafter called the stable radius (α ≤ 1), and becomes unstable at larger radii (α > 1). Our estimates for the clump masses in the unstable regime show that clumps with masses between 0.1 − 1 M ⊙ are expected to form. We further estimate the gap opening mass (i.e. the mass obtained by the clumps after opening a gap in the disk) and find that it can reach up to a few solar masses. The mass accretion rates onto the clumps range from 0.01 M ⊙ /yr in the interior of the disk to 0.001 M ⊙ /yr in its outskirts. This can be understood from the fact that the gas density in the inner part of the disk is higher than in the outer radii which leads to higher accretion rates.
To determine whether clumps will be able to survive or migrate inward, we have estimated the migration (T mig ) and the Kelvin Helmholtz (T KH ) time scales. The ratio of T KH to T mig is shown in figure 2. We find that this ratio remains larger than one in the unstable region. Therefore, clumps are expected to migrate inward on the viscous time scale. For comparison with other timescales in the problem, we have also computed the viscous heating time, the orbital time and compared them with T mig & T KH . We note that the Kelvin Helmholtz time for the clumps remains larger than all other time scales in the H 2 cooling regime because of the lower accretion rates and gets inverted within the 10 AU due to the higher accretion rates. In the atomic cooling regime, T KH seems to drop in the interior. However, due to the rather low clump masses in this regime, we expect no significant impact on the further accretion. Overall, we show that the orbital time scale is comparable to T KH in the atomic cooling regime and scales with radius in the H 2 cooling regime. It is also noted that the viscous heating time scale is shorter than orbital time scale which means that significant heating can occur within one orbital period.
Intermediate stage with 100 M ⊙ central star
Due to the short migration time and the stability in the inner part of the disk, the central star is expected to rapidly grow in mass. We have computed the state of the disk for a central star of a 100 M ⊙ . The properties of the disk are shown in figure 3 . Similar to the case with a central star of 10 M ⊙ , in the presence of an accretion rate of 0.1 M ⊙ /yr, initially the disk is cooled by the molecular hydrogen. Due to the strong viscous heating, H 2 cooling becomes inefficient and eventually H 2 gets collisionally dissociated. It is found that in this case, the range for atomic cooling increases up to a scale of 40 AU which is about twice the size of the case with M * = 10 M ⊙ . In general, the disk is hotter and denser in comparison with the 10 M ⊙ central star. As shown in the figure 3, the surface density is about a factor of three higher and reaches few times 10 5 g/cm 2 at 4 AU. The stable radius is further shifted outwards and extends up to 63 AU. No large differences are observed in the clump masses. The mass accretion rates onto the clumps are about an order of magnitude higher and range from about 0.02 − 0.1 M ⊙ /yr.
The comparison of T mig and T KH in figure 4 shows that the clumps forming beyond the stable radius are expected to migrate inward. The Kelvin-Helmholtz time is shorter compared to the previous case because of the higher accretion accretion rates onto the clumps. The viscous heating time is again much shorter compared to all other time scales. It is about one year and further declines in the disk interior.
Late stage with 10 4 M ⊙ central star
The analysis of the early and the intermediate stages of the disk evolution shows that the stable radius of the disk continually grows outwards and clumps forming outside this radius are expected to migrate inward. As a result, the central star may reach 10 4 M ⊙ in about 100,000 years assuming a constant mass supply of 0.1 M ⊙ /yr. The stellar radius of such a star can be about 40 AU (Hosokawa et al. 2011) . Therefore, we adopt the latter as the inner edge of our disk. We have computed the disk properties for a central star of 10 4 M ⊙ and show the results in figure 5. It is found that overall the temperature of the disk is increased due to the presence of a very massive central star. The temperature in the disk varies from 1000-4000 K and the atomic cooling regime extends up to a few 100 AU. Overall, the surface density of the disk is about an order of magnitude higher in comparison with the 10 M ⊙ case. Our criterion for the stability of the disk shows that the stable radius is about 250 AU.
The masses of the clumps are comparable to the previous cases. The mass accretion rates onto the clumps are almost equivalent to the gas inflow rate onto the disk and even become higher in local regions. In such a case, the accretion onto the clumps will be limited by the gas mass supply to the disk. Our estimates therefore provide an upper limit on the clump accretion rates. The comparison of the migration and the Kelvin Helmholtz time scales is shown in figure  6 . The ratio of T KH to T mig drops below one in the unstable regime. It suggests that the clumps may contract towards the main sequence as the Kelvin Helmholtz time becomes shorter due to the higher accretion rates onto the clumps. The comparison of the time scales shows that the viscous heating time again remains shorter compared to the other time scales. We further expect a clumpy mode of accretion in the disk interior due to the migration and disruption of the clumps. For α crit = 1, the central star is expected to grow further and may reach 10 5 M ⊙ due to continuous gas supply from the stable part of the disk.
We further explored the case with a mass accretion rate of 1 M ⊙ /yr, as the presence of a very massive central object is expected to increase the accretion rate due to its gravitational attraction, and similar effects have also been found in numerical simulations (e.g. Latif et al. 2013c ). The properties of the disk in this case are shown in figure 7. A notable difference compared to the lower accretion rate is that the disk is even hotter and denser. It is completely unstable, i.e. the value of α is always larger than 1. The masses of the clumps are further increased by a factor of a few and clumps of about 10 M ⊙ are expected to form. The mass accretion onto the clumps is comparable to the gas inflow rate to the disk and even increases locally for the reasons outlined above. The comparison of the time scales is shown in figure 8 . The ratio of the migration to the Kelvin Helmholtz time scales remains smaller than one similar to the lower accretion rate case (i.e. 0.1 M ⊙ /yr). In such a case, the disk is highly unstable and vigorous fragmentation will occur. The detailed evolution is difficult to predict in this framework, as the clumps are still exposed to significant accretion, potentially leading to an inward migration. Such a scenario however requires further exploration via numerical simulations.
Caveats in our model
We have assumed the critical value of the viscous parameter to be α crit = 1. This choice is motivated from the findings of numerical simulations of Zhu et al. (2012) employing a detailed treatment of the cooling. However, some studies suggest a critical value of α crit = 0.06 (Rice et al. 2005) , even though their simulations did not consider the detailed modeling of thermal processes. In such a case, the disk in our model will be unstable throughout its evolution and will fragment into multiple clumps. However, the clumps will migrate inward as the migration time remains shorter than the Kelvin-Helmholtz time. During the later stages of the disk evolution in the presence of a very massive (∼ 10 4 M ⊙ ) central star, the migration time becomes longer than the Kelvin-Helmholtz time in the interior of the disk and clumps may survive. To improve our current understanding, detailed studies should be pursued to determine the value of α crit under primordial conditions both in the atomic and the molecular cooling regime.
Our estimate for the Roche limit shows that clumps within the central 10 AU will be tidally disrupted but clumps forming beyond this can exist. If the clumps are able to contract and reach the main sequence, they may emit UV radiation and can inhibit the further inflow of the gas to the center. Our model does not take into account in-situ star formation and their impact on the structure of the disk expected at the later stages of the evolution. Estimates by Inayoshi & Haiman (2014) have shown that the UV feedback from such stars will not be important at least in the atomic cooling regime, but a further exploration of such processes will be necessary in the future. From the current estimates, it appears very likely that the disk fragments at least on larger scales, leading to the formation of a starburst ring surrounding the central object. The accretion onto the central source may nevertheless continue if enough material falls onto the central parts of the disk, for instance due to the enhanced gravitational potential. At least in some cases, it is conceivable that very massive central objects may form.
We also note that chemical heating and cooling may play an additional role in realistic disk models, in particular at the transition from the molecular to the atomic regime. While this can may delay the transition, we note that the viscous heating rate steeply increases with decreasing radius, so that eventually the molecular hydrogen will be completely dissociated. While this may shift the radius where the transition occurs, we expect its impact to be minor due to the steep radial dependence of the viscous heating rate.
As noted earlier, the expected radius of the disk forming in the atomic cooling halos can be as large as 0.2 pc (Volonteri & Rees 2005; Wardle & Yusef-Zadeh 2008) . Our model is only valid in the central 1000 AU as the assumption of fully molecular disk breaks down on larger scales. If the gas is not fully molecular, the cooling will be somewhat less efficient, and it will be more straightforward for viscous heating to stabilize the gas even on larger scales. In general, the densities in the disk beyond 1000 AU will be lower and we expect mass accretion rates onto the clumps of about 10 −2 − 10 −3 M ⊙ /yr. This will result into a Kelvin Helmholtz time of about 10 5 yr, and 10 4 M ⊙ can be accreted before feedback on these scales becomes relevant.
Finally, the clump migration presents an additional uncertainty in the disks considered here, and it can be potentially enhanced if the disks are very clumpy. The latter may increase the effect of migration in particular at the late stages of the evolution. At the same time, three-body effects may play a role and lead to the ejection of some of the clumps, thus reducing the accretion onto the central source.
DISCUSSION AND CONCLUSIONS
We present here a simple model for a disk forming in a massive primordial halo of 10 7 −10 8 M ⊙ . The halo is irradiated by a moderate Lyman-Werner flux and high accretion rates of about 0.1 M ⊙ /yr are expected to occur. We explore various stages of the disk evolution with a central star of 10, 100 and 10 4 M ⊙ . It is presumed that the disk is fully molecular, in a steady state condition and metal-free. The properties of the disk are computed assuming that the disk is in thermal equilibrium, i.e. the cooling is balanced by the viscous heating due to the turbulence and spiral shocks. We presume that the disk becomes unstable for the critical value of the viscous parameter α = 1. This study enables us to quantify the effect of viscous heating in such a disk.
Our results show that the disk is initially cooled by molecular hydrogen, which later gets dissociated as viscous heating dominates and a transition from the molecular to the atomic cooling takes place. The temperature in the disk interior remains about 3000-4000 K. The role of viscous heating becomes more important during the later stages of the disk evolution as the central star becomes more massive. In this case, the range of the atomic cooling extends outwards. For the case of a central star of 10 4 M ⊙ , the size of the atomic cooling regime is about 200 AU. Overall, as the central star becomes more massive, the disk becomes denser and hotter. Our criterion for the stability of the disk (i.e. α crit = 1) shows that the disk remains stable in the interior and becomes unstable in the outskirts. For a central star of 10 M ⊙ , the size of the stable radius is 30 AU. It extends to 300 AU for a central star of 10 4 M ⊙ . The disk is expected to fragment beyond the stable radius. Clumps with masses of a few M ⊙ are expected to form in the unstable regime. The accretion rates onto the clumps become higher as the central star becomes more massive.
To assess the fate of these clumps, we have computed the migration and the Kelvin-Helmholtz time scales. The comparison of the time scales shows that the migration time remains much shorter than the Kelvin-Helmholtz time during the early stages of the disk evolution and the clumps forming in the unstable regime are migrated inward. However, as the central star becomes more massive (∼ 10 4 M ⊙ ), an inversion of the time scales takes place outside the stable radius. The Kelvin-Helmholtz time becomes shorter than the migration time scale. In this case, the clumps will contract and evolve towards the main sequence. The estimates of the Roche limit show that in this case the clumps forming within the central 10 AU will be tidally disrupted. Therefore, the central clump may further reach 10 5 M ⊙ for α crit =1 if there is still a sufficient gas supply from the stable disk, for instance due to a more direct infall, which can be enhanced due to the mass of the central object. For 0.06 < α crit < 1, the disk becomes unstable on all scales, therefore enhancing fragmentation. In this case, maintaining the accretion onto the central clump may be more difficult. An accurate determination of α crit is therefore important particularly in this regime.
We also investigated a case with an accretion rate of 1 M ⊙ /yr for a central star of 10 4 M ⊙ . We find that the disk becomes highly unstable in this case and the migration time scale also remains longer than the Kelvin-Helmholtz timescale. In such a case, strong fragmentation may occur. A final conclusion on this scenario is however not straightforward, due to the continuing and ongoing accretion. It will therefore be important to assess the evolution of the late phases of such disks also with numerical simulations.
We have also presumed that the disk is metal free, but this may not always be the case. The halos irradiated by UV flux may also get polluted due to supernova winds. If there are trace amount of dust and metals, they can cool the gas to lower temperatures (Omukai et al. 2005; Cazaux & Spaans 2009; Latif et al. 2012b; Bovino et al. 2014 ). Although we still expect the viscous heating to be dominant within the disk interior, metals and dust are likely to enhance the instability on larger scales. In such a case, a stellar cluster or a starburst ring may form on larger scales surrounding the central object, and its evolution in the presence of ongoing inflows needs to be explored in future studies.
Overall, our results suggest that very massive stars may form even in the presence of a moderate UV background, and that viscous heating may play a central role in stabilizing the disks surrounding these stars. The latter complements recent simulation results by , showing that moderate UV backgrounds are sufficient to maintain high accretion rates on large spatial scales. DRGS is indebted to the Scuola Normale Superiore (SNS) in Pisa for an invitation as a 'Distinguished Scientist', which has stimulated the research described in this manuscript. 
